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SMffljARY 

R The purpoae of the present note is to compare the aerodynamic 
characteristics of an aerofoil of large sweepback and auall aspect 
ratio, calculated by two methods j— 

(i)    Falkner'a nine-point solution 

and      (ii) a simplified version of this method using only a lifting line 
on the quarter chord and three pivotal points,  situated on 
the three-quarter chord line. 

The results ara used to give information on the characteristics of an 
aerofoil with straight taper and moderate aspect ratio   <xul sweepback 
in compressible flow at a Mach number 0.9* 

The results  3how that the spanwise loading curves,  lift curve 
slope, induced drag, local lift coefficient at a given C'L, 'and bending 
centre on half the '.ring,  estimated by the two methods, are comparable, 
but the aerodynamic centre calculated by (ii) ia about 0.058 in front 
of that calculated by (i).       The main reason for this appears to be the 
omission in method (ii) of the variation in ahordwisu position of the 
local aerodynamic centre. 
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Introduotion 

An attempt is being made to develop & reasonably quick method of 
calculating the aerodynamic loading oi' swept-back -.,in..;.      This is 
required for the estimation of stability derivatives, loth longitudinal 
and lateral and the effects of wing distortion on stability* ae v.i.1! 
••vj for stressing purposes* 

Falkneir" considers a lifting plane composed of horse-shoe vortices 
approximating to a continuous loading*      The induced downwash is calculated 
at a number of pivotal points and equated to the slope of the aerofoil* 
For symmetrical loading* 9 points are used on the half wing, 3 points 
ohordwise at each of 3 spanwiu.. po^itAon.;.     In ita simplest torn? the 
horse-shoe vortices arc along the £ chord line only, and the doimwash 
is oaloulated at 3 pivotal points on the £ chord line*      This simplified 

.method is in principle similar to the methods of ijutterperl3 and Weissingcr^-* 

Falkner has shown* that the -..in,: loading due to incidence obtained 
by the simplified method on a wing vdth 28° sweopback and 5«8 aap«.ot 
ratio is a good approximation to the 9 point solution*      The work 
described here wus undertaken to compare the tv/o methods in an extreme 
case of small aspeot ratio, 2, and large sweepbuck, approximately oOO. 

It ia realised however,  that there is some doubt as to whether any 
vortex sheet method is sufficiently reliable for calculating the aero- 
dynamic characteristics of aerofoils of v«^y small aspect ratio. 

The aerofoil uael for the calculation has a taper, ratio of 3*25il» 
aspeot ratio 2, and sweepback 29°»8,  and is considered to be o. flat 
plate in thiu calculation.      This wint, is called Aerofoil I.      A brief   ' 
outline of the procedure adopted for the calculation vie given. 

The results are also applied to the estimation of the aerodynamic 
loading on Aerofoil II (i'ig.3) in compressible flow at H m 0.9.      This 
aerofoil han an aspect ratio if.64, taper ratio 3»2i>jl,  ravi. sweepback 36CV5* 

2     Calculation of Aerodynamic Ch-iraoteristico* using Fv.lkner'a Idne-Point 
Method 

2.0      General 

The method is given in Reference 1. 
represented by the formula 

The vorticity    k    is 

ko 

8a V tan c: 
«/(l-if)  .  (OQ + e0if + a  if) cot   '2 

+ «/(1-T?)  .  (»i + a tf + ej^f) sin P 

+ iij(l-"n") . (Og + flg.-if + e2ri ) sin 26 •••••*...1 

or ko 
8s V tan u 

» FpCTi) oot 4J   +   ^(l) ainP   • F2(r() sin 2 P.....(2) 

where   r\ .  e are defined 00 that, if   y   la tiie distanoo of ioiy point 
of the aerofoil from th*. oentr.; line, 

sr, • •••••• • * •* • • 



ami cos e   = ££ . 
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 (4) 

where   x   is the distance of any point of the aerofoil from the mi.i-point 
of the chord through it. 

The total circulation   K   at any section   r\    is given by 

~T  " ^(^0(11) + *'i(r,)/2J   = Al Bin* * A3 sin H * ";. sin $£ hs -fej 

wher.                       •   ^ «   ^*§S» + 8al * ^O * 2ol + 2eo + e3 »  ••(6-1 

A3 '   32* L80" + ^ * 6oo + 3eJ  ,  (7) 

A5"   •^•[Zeo*Bll'       » 

and ti  B   cos  ^.  •••(9) 

The main work is the calculation of the coefficients    n.0, a,, Og, 
Bo» °1' °2* eo»  el»  e2» whion are chosen to satisfy the condition 
that the dovmwash at each of nine pivotal points of the wing io equal 
to the slope tana   of the aerofolla      An outline of the procedure i» 
given below in para.21.      When this has been done,  the valuta of Cj,, 
CS^, bending centre*-,  .ind local lift -JoeiVicient seem obfiint-d from the 
following* fomulae:- 

&»&**, do) 
Xa S      2 2 2 

0^2     Ai    + 3A-,    + 5A5 

The distance of the bending centre from the ctntrc line 

*-J§L ! 1.3333 A,  + 0.8C0O *, - 0.1905 M   .   (1^) 

The local lift coefficient 0-^, ia given.by 

...    CIi     8TC .  (g0(n) + fo|.(t-)) f     . 
CL o    ,     d°L 

I da 
The_local aerodynamic oentre it any apanwise position is ut n :ti.t 4ic>-i 
-      F0(r.) •S!

tW -4*2(*0"i .   _ ^    ,       , 
io , —  1 behind tias xoc:il l^aoxn,- edge. 

•P'-nding centre is th«j spanvdae position of th<-- ct-ntri- or lo.vi on i.-.li" 
the aerofoil duw to i change of inciionc^. 

... 
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By a Simpson integration of the moment of the load about the datum 
line (shown in Kig.l) v.-e oh tain the txoroa.yri'-jsl2 centre i"or the whole 
vdng.      Its position can then be stated relative fkc* tae moan chord. 

2»1     Procedure for calculating the ooefi'ioientB 

The continuoui; voi'ticity is replaced by & system oi' hoi-ae-shou 
vortices of -width Vw> 0*' **-° 3i,an» fW" *'••« do-.vn-.vash yiwiuced by these 
hor3e—shoe vortices -it pivotal p&tgfet on the ~vlng calculated.      The 
layout of the vortices and the positions of the pivot.0   joints art- 
shown in Fig.2.      The vortices at TI s 0.9425 arc corrector vortice3t 
giving the effect of thj tip, awl art.; only one quarter the vidth of 
th« other horse-ahoe- vortices. 

Chordvdse, the Ij. vortices arc at 0»125» 0.?75» 0.&.fj, and 0,875 
of the local chord from the leading edge, and their v.vlut3 are detax.ai.ned 
by the conditions that their sum is equal t"» the ohordv.ioe integral 
of the continuous loading at tid.^   spanwise position,  and that the 
dowmeish produced by th-- U vortices at 0«2y, O.r- and 0.73 of the 
local chord from the inaftJnjs edge in 2 ditfleiuiioiu.1 thorn is the „;ame 
as that produced by the continuous chord-.d,r.e vortioity.      Vhen these 
conditions are satisfied* thj value-:. k1# k%* h,» k^,  of the k ohordv.ise 
vortices ore given hyj- 

i^ » 0.273-V«e Ki + Q.0A36 JCc Kg + 0.07 V: ^c K    .......(14) 

8   "''    k2 '* 0.1172 Tie K^ + 0.07b2 TCO KT + 0,0<81 -.;c K^ .,.....(1.;) 

k, a 0.070.5 7eQ 1C   + 0.07*2 rcc K- m 0*03el %n Kj .......(lo) 

k^ * 0.0391 wK,   + 0.0-W8 %o lg m 0.07*2 %a K? .......(17) 

k    is K-L cot •? + K-2 sin «  + Ki sin 2 c .......(18) 
wherti 

is the vortioity at the sptuaviae position -rfhioh is htdnp oonsidereu. 

Th, following is then the procedure.      Pirat, a tall-- i.< constructed 
Of distances of th- lsadliv.  -.d^e frou the datum lints,  and of the 
magnitude of the local ohird,  in texus oi' the -pan,  for the values of 
T!   frojii 0 to 1 by intervals of 0.0>,      Thuij,  the aistti.j-s ci.oAlv&nu 
frna the datum line of th-j l:-»rde*>ahoe vortices are tahul-.t-ji in t*r©;i 
of the .Tilth of a vortex, i.e-,  one -.'orti-ith -»f the c> an.      Sfee apav..i,v-. 
and cl.orlwise Ii.»tawu of each of the &+ h->i-se-i«hOe vortices fr^a e-idli 
of tho nine- pivotal .points are then dedu*)od,  ami t ihulated.      FJ?Jto 
tables of th>. dr>v.Tn\->.sh function P, defined in Kef.l,  tV.e valued of    P 
art- calculated at -.ach pivotal point i'"V the dov.Uwaah created by each 
horae-uhot vort x. 

For the   oaloul -tion el' tiu-  lo»iwaai: at s pivotal point created by 
vortices   it '. big distance  Eiau.-.i;--j,  i.«*  -..hen the ai.:itai-.Je  ^...nv.liv 
i.-. more th-Ji -r ti-.ioj the vortex v.iitr.,  injter.i o.' u;ani   .- 6h/j'*rtfcvis'j 
vertices,  it is sufficient to cvn»centrate the- tw.rri in cot    . g at th* 
cencre of pressure of   . lo-.d pr«^ vtienal  to    cot   . £,, i.o.   it thu (iuartur 
chord,  and sL.alar'iy th- &a%* i:. ain *   at trie ctntr-: »>:* ei-e^sur.-; of ft 
load proportional  to ^in ('   ,  i.e-.  the ,.d.d-chor.a,  rf ile- tl.j t«.r.» i»» 
sin 2P  ,  (^.vint   ^ fe'iai cirni ation of aero,  i   v3"-iti-id» 

and tld 
The diT.uwash -.t each .-iv.'t:-.l ^oiiit  1,; thiii oi-t.-.-.w.d ly ^uouation, 
ds it- e^u-vtci to the  cdOi-e .-f t!„  aej'^VM.- -vt th.   eivot:^. point. 

Xhis giv>js  i.i«je e>.Ri iti .'lu  I'.n' tr.  -iiJ.jii.rAT).-,  .-i^,,  aj,    s«| 
eO.  «^1»   c2' l.ich aiv  then easily <i da. r.t-.u 

31»  °.e» 
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The rest of the calculation is described in para. 2.0, and only , 
amounts to substitution in knov.n fomulae, 

3      The oitaplififcd Method 

In this method, used in Ref.2,  the vorticity is a.^umed to be * 
concentrated at tht  quarter chord.      Foxvula (l)  is reduced to one 
term only, viz»- 

t 

 *£  (aa t + %^ m ^4)    LMZ) c<lt | B ^(T,) cot |. (19) 

8s V tan  a 

To calculate the coefficients a ', o0«, e0', 3 pivotal points only 
are needed.       They arc* chosen on the three-quarter chord,  nauely those 
marked 3,   S,  and 9 on Fig.2.       The procedure is  similar to that described 
in para.2.1, but the labour is much reduced. 

The i-orwula<- to be used to oalculat© the aerodynauaic characteristics 
arej- 

&»*£*'*  <*»        da        3        x 

...      ^ <£_tlidili£. , • (a> 
  ^ *.        v2. 

where the total circulation    K   ac any section 11 is given by 

1 =?cc. On) = Ax'  sin^S  +   A,'  sin X * A '  sin H     (22) 
4s V tan :, ° 

•*a. Al' . = |J8ao'   +2o0«   + e0«!       ,  (23) 

A,.  a^.   |4o«   +3e0H .  (2t> 

VW#' eo    •  (25) 

The distance of the bonding ountre from the oentro lino 

m   a      11.3333 A-,1   + 0.8000 A,»   - 0.1905 AJI      (26) *Al' ! x 3 9J 

The local lift coefficient C^ is now given by 

QLL_      SK-SQH  ....(27) 

*      da 

g, 
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Since it is assumed that the load i3 concentrated at tl.e   juorter- 
ohord line,  the aerodynamic centre of the aerofoil is readily obtained 
from the bending centre for iuro:'oil.; with a straight quarter-chord 
line,  and by a Simpson integration of the moment of the load about 
the da tun, divided l.y the total load, for an aerofoil with a quarter 
chord lino of any form. 

4     Results1    Comrorison of tho t.vo methods for Aerofoil I 

TabluG I ani II give the values of the coefficients a0, fa* a2, 

°o» °l» °2*  eo»  °1» e2» °htained by the nine-point method, and RQ', 
<»0'# *0'  obtained by the simplified methoa respectively. 

Using the formulae (6) to (13)  and (20) to (27) v.e obtain the 
following comparison:- 

Aerodynamic characteristic 9 point method   \    Simplified method 

da 
2.093 2.1-V+ 

°Di 0.1o'l6 0.1600 

Distance of bending centre                       0.432a 
from oentre line 

0.434s 

1 
Distance ox* aerodynamic centre     | •      o.OQoo 
behind mean quarter-chord point   | 

0,040 0 
1 

Figs.4 and § show the comparison of the sppnwiae lift distribution and 
the local lift coefficient respectively, while Pig.6    gives the position 
of the local aercdyn'unic centre relative to the quarter-chord lino, 
plotted against   TI» for the nine-point methoi only,   since the local 
aerodynamic centre in the simplified method is on the quarter-chord 
line for each, value of r\ • 

It is seen that,  except for the aerodynamic centre position, 
the agreement between the characteristics obtained by the two methods 
is fairly good.      The forward shift of tho aerodynarJLo centre obtained 
by the  aeoorl methoi is due mainly to the neglect of the shift of the 
local aeroiyna.uio centre frcm the quarter-chord line. 

5      Application to the Effeot of Oon&rejsibility on Aerofoil II 

It is ::nocn •' '  from tho linear perturbation   theory that the effect 
of compressibility on the lift distribution of an aerofoil( say Aerofoil II, 
can be obtained by calculating the lift   iiattribution in incompressible 
flow of an equivalent aerofoil,  say aoroi'Oil X,  the latt-ral dimensions 
of which have been reduced in the ratio .. "Wi^  '-  1.       The aspect ratio 
is thus reduced in  v.is ratio,  and the sweept .'.OK ia increased so that 

ta»r,   r-.    Vl*_\z ,  (26) 1     VI'4P 

where T is tl.e aweephaok of a.r.or-.l I and ^g ie tt.'. sweepii aok of 

aerofoil II. 
7. 
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The aerodynamic characteristics of aerofoil II in compressible 
flow are then obtained from the aerodynamics characteristics of aerofoil 
I in incompressible flow by multiplication by the following factors!- 

Aerodynamic characteristic                           Factor 
—1 

dcL 1 
da /i^M2 
  

°L2 
,p 

Distance of bending centre on half wing 
from the centre line,  in terms of send- 
span 

1 

CLL 
-—   at any n 1 

Distance of aerodynamic oentre behind 
mean quarter chord point, in terms of 
o 

1 
1 

L. i 

The co-ordinate n for aerofoil II is defined as the distance of a point 
of the aerofoil from the centre line, divided by the acini-span, s', of 
aerofoil II. 

The relations ,;iven in the above table have been worked out in Hef. 8 
by a method similar to that of Ref.7. 

The aerodjrciamii charaoteri&tios of Aerofoil I (Pi,_.l) in incompressible 
flow, calculated in para. 4 above, i«.re used for estimating the aerodynamic 
characteristics of an Aerofoil II, whiah has an aspect ratio 4.64,  sweep- 
baok 36o.5# taper ratio 3.25il (Fisj.3), in compressible flow at a Maoh 
number 0.9«      The results are given in the following table, whioh also 
includes the values of the characteristics of Aerofoil II in inompret;uible 
flow,  calculated by the simplified method.      Comparison of the last two 
columns therefore ahowa the effect of compressibility on the aerodynamic 
characteristics of Aerofoil II. 

Compressible          Incompressible 
Of = 0.9) 

Aerodynamic characteristic 
of Aerofoil n 

9 point 
method 

Simplii'iud :   Simplifi ed 
method             method 

dOL 

d a. 
4.86 4.97 %(>5 

> 
O.0696 0.0690 0.0687 

Distance of bending centre 
from the. centre lino 

0.432s' 
1 

0.434s'  j       0.4.WS1 

Distance of aorodyn L.JLO centre                     m 
behind the mean uuart-.r ahffird            0.08'Jo 

t point 

_ 1      -      ! 0.040o            0.032c 

^'» 
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Figs.4-6 still hold for Aerofoil II at M = 0.9 as well as for 
Aerofoil I in incompressible flow.  In Fij>4, however, s' must be 
substituted for s.  Fig.7 show3 the spanwise lift distribution and 
local lift coefficient calculated by the simplified method for the 
compress-ible and incompressible- flow round Aerofoil II at the same 
Cx,, and we see that even at M = 0.9 the effoot of compressibility on 
the distribution is small. 

dCr 
A rough approximation to —— for Aerofoil II in compressible flow 

d a. 
can be obtained from the formula for the effect of aspect ratio    on a 
straight wing, based on the simple lifting line theory* 

i.e. 
d a 

aoo 

1+2? 
*A 

•(29) 

In this case we put    a<„ * ( t -Jn, where (a«J0 is the lift curve slope of 
an infinite wing yawed through an angle "g at a ilach number 1.1,  so that 

Wi cos 

with 

(O   = 

(fV»)i » 2 %. 

.(30) 

This gives a lift curve 3lope of 4*06 for Aerofoil II at M • 0.9, 
and the corresponding formula for Aerofoil II in incompressible flow gives 
3»75«       These figures airree quite well with .the; results in the taMo 
above.      The formula needs further com"iriiiation, both theoretically 
and experimentally, before it oan be accepted in general, 

6     Conclujsions 

The above results show that,  although the 3-f.oint simplified method 
give*s fairly good agreement with the 9 point method for lift coefficient, 
local lift oot.iVicii.nt,  inauoed drag, and bending centre,  the aerodynamic 
centre calculated by the 3 point method is approximately 0.058 in front 
of that calculated by the 9 point method for both aerofoil I, with 
swe&pback 59°.B, asj.eot ratio 2, in incompre.s.ibl..-  ilov.,  and aerofoil II, 
with aweepback 369.5, aspect ratio 4»C>4, in canp.resi.ible flow at a Macli 
number of 0.9.      This difference io sufficient to show that the 3 point 
method as it stands cannot be used for calculating the aerayrnunia centre 
of an aerofoil with swoep'cack, but it way be used with good accuracy 
to determine the  othur characteristics named above. 

As the work involved in the  simplified method is very much luaa 
than in the- full 9-point uethod, this approximation is of considerable 
value when a quick estimate of aerodynamic characteristics (except aerc- 
dynamio centre) ie required.      Soruc work has been done on a second 
approximation to the simplified method in an attempt to develop a method of 
calculating the position of the aerodynamic Centre much more .Riickly 
than ty the 9-point method. 

9. 
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V V a2' V 

(00 

<*~)i 

%l A5, A5, Ax» , A,' 

c 

B 

°o» °l» °2» °o' 

eo» el» e2» eo' 

G„U) 

kl» k2» k3* \ 

K 

•%*  K »  Kj 

L 

M 

3,  a* 

S 

V 

x 

i v 

coefficients in fonaulae (l) :md (19) 
for the vo^ticity. 

lift curve slope in two-dimensional flow. 

two-diijensional lift curve slope of an 
infinite, wing yawed through an angle  Ej, 
at a Maoh number u. 

two-dimensional lift curve slope of an 
unyawed infinite wing in incompressible 
flow. 

aspect ratio 

ooex'fioients defined in equations (o), 
(7), (8),  (23),  (2i,),  (25). 

chord of the aerofoil. 

mean chord of the aerofoil. 

coefficients in formulae (l) and (19) 
for the vorticity. 

total lift coeffieicnt and induced drag 
coefficient. 

local lift coci'fici-nt, defined as 

coefi'icienta in fonuulae (l) and (19) 
l'or the vorticity. 

function of    r\   u3od in elation (2). 

a function of    ri   U3ed in equation (19). 

vortioityf a function of    TI   and 6 • 

sti^en^th of-the four chordwise vertices 
at any section spanwiau. 

circulation lvwinl a jead.on of the aerofoil 
(a furction of  t\ )• 

defined in fon.uila (18) for   k. 

lilt on the •lerofoil. 

Mach number. 

se«,ii-^;«o ox" Aerofoil* I and II respectively. 

axva of aerofoil I. 

velocity oi' flow  it infinity. 

diatanae of   -ny joint of the uerofoil in 
front of the ini i-point o.' the cho.d tlirou.jh 
it. 
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LIST OP SYl&BOLi (Contd.) 

distance of the local aerodynamic centre 
at any spanvri.3u position behind th.   looal . 
quarter chord point, in terns of local chord. 

distance front the centra line to any point 
of the aerofoil (positive to starboard). 

angle 01' incidence fvetc aero lift* 

angles of svreepbaok of aerofoils I and U 
respectively. 

coa-1 {*) 

cos r*{M 
( 
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T..BEE I 

Oooffioienta In the 9-PQlnt solution 

a   ^ 0.06699 
o 

oQ a 0.07122 e   • 0.07865 o 

a^ - 0.0&901 O-L «• -0.H.683 ej^ • -0.07556 

82 » 0.00799 02 - 0.03235 02 - -0.09512 

TABLE II 

Ooefficlenta in the 
Simplified (3-*POlnt) aolution 

°o« » O.10W29 

o 
a 0.008992 

V o 0.011573 
1 
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